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Abstract. The concept of a weight on a planar algebra was introduced in DGG]. In this article 
we give an alternate characterization of weights on a planar algebra in terms of 'weight functions' 
on the vertices of the principal graphs. Using this characterization we show that the property of 
bifinite bimodules of having a 'trivial perturbation class' is closed under Connes fusion. We give 
a direct and constructive method of perturbing a bifinite bimodule by a positive weight in such a 
way that the bimodule planar algebra of the perturbed bimodule is isomorphic to the perturbation 
of the one associated to the initial bimodule by the given weight. 

1. Introduction 

Starting from a 1-cell in a pivotal 2-category, a purely algebraic construction of Jones' planar 
algebra was given by the second named author in [Gho] where the description of the action of 
tangles were given in terms of graphical calculus of morphisms, analogous to the ones used in |Kasj . 
In the operator algebra context, a nice prototype for this is the 2-category of bifinite bimodules over 
Ill-factors; this was analyzed in great detail in [DGGj where the concepts of weight on a planar 
algebra and perturbation of a planar algebra by a weight were introduced in order to illustrate the 
exact dependence of the planar algebra on the pivotal structure of the corresponding 2-category. 
Further, in the same paper, a correspondence was obtained between a class of planar algebras 
slightly more general than subfactor planar algebras, referred as bimodule planar algebra (BMPA) 
on one hand and bifinite bimodules on the other, thereby providing a generalization of Jones' 
Theorem. Moreover, the perturbation class of a BMPA contains a unique spherical unimodular 
BMPA which can also be characterized by the property of having the lowest value of the index in 
the entire perturbation class. 

This article grew out of the following questions raised in |DGG| on perturbations of planar 
algebras. 

(1) Is there a way of characterizing the positive weights of a BMPA in terms of its principal 
graph? 

(2) Does the BMPA of the Connes fusion of two bimodules whose associated BMPAs have trivial 
perturbation class (TPC) (that is, every member of the perturbation class is spherical), have 
TPC? In the subfactor context, this same as asking whether composition of TPC sub factors 
has TPC. 

(3) Given a bifinite bimodule, is there a 'direct' way of perturbing it to another one by a weight 
in such a way that the BMPA associated to the perturbed bimodule is isomorphic to the 
perturbation of the BMPA associated to the initial bimodule by the weight? Note that one 
can associate a bifinite bimodule to the perturbation of a BMPA associated to a bifinite 
bimodule by a weight using [DGG, Theorem 5.13] but it is unclear how the relation between 
the two bimodules depends on the weight. 
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All the questions have been answered affirmatively in this paper. 

We now briefly describe the organization of this paper. In Section^ we set up some notations and 
give a quick recollection of various definitions and some standard facts on weights, perturbations 
and BMPAs. 

Section [3] gives an alternate characterization of a positive weight on a BMPA in terms of weight 
function defined on the principal graphs which satisfies the tensor homomorphism property. We 
further show that this weight function essentially depends on its value over the even vertices of any 
one of the principal graphs upto a positive scalar multiple of the weight function restricted to the 
odd vertices. At the end of the section, we discuss a couple of examples of weight functions. 

In Section HI using the weight functions, we affirmatively answer Question 2 above. As a con- 
sequence, (i) Bisch-Haagerup planar algebras (see |BDG1] ) and (ii) n-cabling of any irreducible 
bimodule planar algebra for n>2 always have TPC. 

The final section starts with some notations and facts about imprimitivity bimodules and proofs 
of some of their key properties. Using these bimodules and properties listed, we describe a method of 
perturbing a bifinite bimodule by a positive weight and prove that the BMPA of the new bimodule is 
indeed isomorphic to the pertubation of the BMPA corresponding to the old one by the given weight. 
Moreover, if the initial bimodule is over hyperfinite I/i-factors, so is the perturbed bimodule, which 
is not the case for the bimodule that we get from |DGG| , Theorem 5.13]. 



2. Preliminaries 

In this section, we will recall certain basic facts about planar algebras which will be used in the 
forthcoming sections. For planar algebras, we will stick to the notations and terminology set up in 
Section 2.1 of |DGG| ; however, we would like to briefly recall the key points in order to make this 
article self-contained. 

(1) We will consider the natural binary operation on {— ,+} given by ++ := +, H — := — , 
— h := — and := +. 

(2) We will denote the set of all possible colors of discs in tangles by Col := {ek : e £ {+, — }, k 6 No} 
where N := NU{0}. 

(3) In a tangle, we will replace (isotopically) parallel strings by a single strand labelled by the 
number of strings, and an internal disc with color ek will be replaced by a bold dot with 
the sign e placed at the angle corresponding to the distinguished boundary components of 
the disc. For example, 

2 

will be replaced by £' 
We set up some notation for a set of 'generating tangles' in Figure 12.11 
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Figure 2.1. Generating tangles. 

2 



If P is a planar algebra, then by a P-labelled (resp., semi-labelled) tangle, we mean a tangle, all 
(resp., some) of whose internal discs are labelled by elements of P in such a way that an internal 
disc of color ek is labelled by an element of P £ k- For simplicity, we will replace a P-labelled 
internal disc by a bold dot as before, with the label being placed at the angle corresponding to 
the distinguished boundary component of the disc. Also, T £ k (resp., T £ k(P)) will denote the set of 
tangles (resp., P-labelled tangles) which has ek as the color of the external disc; V £ k(P) will be the 
vector space with T £ k as a basis. We continue to denote the linear map induced by the action of P 
by P : V £k (P) -> P £k - 

We now recall the definitions of weights and perturbations of planar algebras, introduced in 
[DGG], and a few general facts. 

Definition 2.1. Let P be a planar algebra. An invertible element z G P + \ is said to be a weight 

of P if z £ k G Z(P £ k) for all ek G Col, where 

(2.1) 
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Given a weight z of a planar algebra P and an invertible decomposition z = ab for a, b invertible 
in P+i, we now construct a new planar algebra p( a,fe ) as follows: 

(i) Vector spaces: P £ k' b ^ '■= Psk for all ek G Col. 

(ii) Actions of tangles: Let T be a tangle and T be a standard form representative (see [Gho[ §4]) 
of the isotopy class of T. We replace each local maximum and minimum appearing in T according 
to the prescription given by Figure [2^21 and call the resulting semi-labelled tangular diagram 
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Figure 2.2. Perturbing a planar algebra 



It can be checked that P 



(a,b) 



is indeed well-defined. 



Note that P^ has same filtered algebra structure as P whereas the action of Jones projection 
tangles and conditional expectation tangles differ. We will refer p( a > 6 ) as the perturbation of P by 
the decomposition z = ab of the weight z. 

Remark 2.2. For an invertible decomposition z = ab of a weight z of a planar algebra P and any 
A G C\ {0}, P( a ' fc ) = j p(W" 1 b). Further, the planar algebras pW),^)^^^ an d pC 1 * 2 ) are all 
isomorphic. Hence, up to isomorphism, the perturbation of P only depends upon the weight z. 

A trivial example of a weight of a planar algebra P is a non-zero scalar A G C. By the above 
remark, p( A '^) = pi^ 1 * 1 ) = pi 1 ,^) = p(Mi^) f or a ll non-zero scalars A and fi. We will usually refer 
to such perturbations as scalar perturbations. A perturbation of a planar algebra with modulus 
need not have modulus (except for perturbations by scalar weights). However, if the planar algebra 
is connected then so are its perturbations, but the moduli of the perturbations might vary. For 
instance, for a planar algebra P with modulus (8-,6+), the scalar perturbation p( A>1 ) has modulus 
(A- 1 ^, X6+). 

Definition 2.3. The normalized planar algebra associated to a planar algebra P with modulus 
is its scalar perturbation by the weight y^|j^- 

3 



Note that the normalization of P is a unimodular planar algebra. Although scalar perturbations 
change the modulus, the index however remains the same. 



Definition 2.4. A connected planar algebra P is said to be spherical if the actions of 0-tangles in 
its normalization are invariant under spherical isotopy. 

Note that this property is equivalent to demanding that the normalized left and right picture 
traces on P + \ are identical. In general, a perturbation of a *-planar algebra need not be a *-planar 
algebra. However, for certain specific weights, the perturbations also turn out to be *-planar 
algebras. For instance, if P is a *- (resp., positive) planar algebra, it is routine to verify that a 
perturbation of the type p( a > Aa *) for non-zero real (resp., positive) scalar A becomes a *- (resp., 
positive) planar algebra with *-structure coming from the original one. 

We now state the 'Jones' theorem for bimodules' which provides an important link between 
bifinite bimodules over TYi-factors and planar algebras. A finite dimensional, connected, positive 
C*-planar algebra will be referred as a bimodule planar algebra. Let a + %a_ be a finite index 
bimodule for 1I\ factors A±. Before stating the theorem, we set up some more notations: 
H+o := L 2 (A + ), H-0 := L 2 (A-) and for k > 1, H £ k is the tensor product (over A + or A^) of 
fe-many modules H and H alternately with H (resp., %) being the left-most module if e = + (resp., 
-)• 

Theorem 2.5. (see \DGG\) (i) P defined by P £ k := A £ ^-A v (T~l-ek) where n = (—) k e , has a unique 
bimodule planar algebra structure with ^-structure coming from the usual adjoints of intertwiners, 
satisfying: 

(a) action of multiplication tangles matches with the composition of operators in the intertwiner 
spaces, 

(P e k 3 T i— > T <g> id~n G P e (k+i)> tf either e = + and k is even, or e = — and k is odd, 



(h)Pm e 



A+ 

\P £ k B T i— > T <g> idy G P £ (k+l)> otherwise, 



A_ 



(P £k 9 T ^ ® T G P- £{k+1) , ife = +, 
I A+ 

\P ek 9 T h-> id H <8> T G P- E (k+i), if e = -, and 



(?) PLI ek 

(d) Pe +1 (resp., Pe.J is given by 

n° n° b £ ® rj A ^i + y A ( v , o ( Vj ® en ®u° 

A- A- \ A- I A- 

3 

(resp., 7T ® U° 3 rj ® £ Y,(v,Oa (li ® ^] ^U°®U°) 

A+ A+ t-r* \ A+ J A+ 

where (resp., is any basis for a + 7~L (resp., Ha-)- (We will refer P (resp., normalization 

of P) as the bimodule (resp., normalized or unimodular,) planar algebra associated to aH-b)- 
(ii) P is spherical if and only if a+Ha- is extremal. 

(Hi) If B := £a_((H), then the normalized planar algebras associated to a + %a_ and A+ L 2 (B) B 
are isomorphic as * -planar algebras. 

(iv) Given any bimodule planar algebra P, there exists a bifinite bimodule whose associated bi- 
module planar algebra is isomorphic to P. 



3. An alternate characterization of weights 

In this section, we will first find a necessary and sufficient condition for existence of a positive 
weight on a bimodule planar algebra in terms of its principal graphs; this answers a question in 
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[DGGJ. This was suggested by Stefaan Vaes. We further show that this condition mainly depends 
on the even vertices of any one of the principal graphs. In the end, we discuss some examples. 

Let P be the bimodule planar algebra associated to the bifinite bimodule a + 7~La- for iTi-factors 
A± as in Theorem 12.51 and z be a positive weight on P. We will refer an A £ -A v bimodule as e-rj 
bimodule for e,r] G { — ,+}• Set 

V et rj := {isomorphism classes of irreducible 77-e sub-bimodule of H v k : k G (2No + 5^^)}. 

Note that for each v G V £)T} , there exists a k G (2No + S £ ^ v ) and p G ^min(Pr)k) such that v = 
[Range p]. Now, since z v k is central, for each p G ^min(-P?7fc), there exists w p > such that 
ZqkP = w p p. Fix e, rj G {— , +}. Define the function 

V £)J1 3 v 1 — ^ w v := w p G (0, 00) where p G ^ , m in(-f > 7 ? fc) such that v = [Range p]. 

We need to check that w is well-defined. Suppose q G &mm(Prik+2i) for / > such that v = 
[Range q]. It is enough to check w p = w q . Now, from minimality of p and the action of Jones 
projection tangle in Theorem 12. 5} we may conclude: 

(i) pt := 5j l pP Eri{k+1) G ^ 9 I0 in(Pr,(k+2)), 

(ii) Range p\ = ^Range p® L 2 (A £ )^j = Range p = Range q as 77-e bimodules where ® denotes 
fusion over A £ and 

(iii) w Pl = w p since w Pl pi = z n{k+2)Pl = 5 £ l P RI 2 k{Zr]kp) P Eri(k+1) = w p p x where RI™ k : rjk -»• 
r/(fc + m) is the tangle obtained from RI v k by replacing the single string on the right of the internal 
disc by m parallel strings. 

Iterating the above, we get p t := 6~ l ' P R piJjp)P Ev{k+1) P E ^ k+a) ■ ■ ■ PE n(k+2l _ 1} G ^mm(P v (k+2i)) satis- 
fying w Pl = w p and [Range pi] = [Range q] = v. Thus, q and pi are MvN-equivalent in P v (k+2l) an d 
hence, w q = w Pl = w p . 

Further, note that if v\ G V VjU , v 2 G V £)TI and V3 G V e<u such that V3 < v± ® v 2 , then using the 

n 

action of the left and the right inclusion tangles, we get 

U>t) 3 P3 = Mk+l)P3 = \ Z vk® Zrtl ) (Pl®P2)P3 = W Vl W V2 {pi ® p 2 )p3 = W Vl W V2 p 3 
V V J V V 

where pi G ^min(-FU), P2 G ^min(-P^) and (pi<8>p 2 ) > P3 G ^minC-FWfc+z)) such that = [Range pi] 

V 

for all i = 1, 2, 3. This motivates the following definition. 

Definition 3.1. is said to 6e a weight function for a semisimple bicategory B if for allA,B G £>o, 
there exists a map w : Va,b '■= {isomorphism classes of simple objects in Ba,b} —> (0, 00) satisfying 

(3.1) w V3 = w Vl w V2 whenever v\ <g) v 2 contains v% 

for all vi G V B ,C, v 2 G Va,b and v 3 G Va,c- 

Equation 13.11 will be referred as tensor homomorphism property. We establish the connection 
between weights and weight functions in the following lemma. 

Lemma 3.2. There is a one-to-one correspondence between positive weights on the planar algebra P 
associated to a bifinite bimodule a + T~La^ for II\-factors A±, and weight functions on the bicategory 
of bimodules generated by a+Ha-- 

Proof: We have already associated a weight function to every positive weight on P. For the converse, 
let w be a weight function for the bicategory. Set z £ k ■= Yl w v p P where v p = [Range po] 

for any minimal projection under p. Clearly, z £k is a central, invertible, positive element in P £ k- 
So, it remains to establish Equation 12.11 with z replaced by z+\. For this, note that the tensor 
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homomorphism property of any weight w requires it to assign 1 to the unit objects, and thereby, 
Wjj = w~ l for all v G V £ ^, e, rj G { — , +}. We will use induction on k. 

Suppose k = 1. We need to show Z-\ = P R i ^(z ). Observe that right side of this equation is also 
central since P R i i is an anti-algebra isomorphism. Also, if v = [Range p] for p G £P m [ n (P + i), then 
v = [Range Pr^O)]- Thus, P R i +i {z- l )P R i +i (p) = P H i j (uj- 1 ?) = WyP R i +i (p) = Z-xP R i +i (p) which 
gives the required equation. 

Suppose the equations hold for = Z and we will check that they also hold for k = I + 1. By the 
induction assumption and action of the left and the right inclusion tangles, the right hand side of 
the first equation in Equation 12.11 can be expressed as 



Z + l <K> Z £ l 
e 



w v „.w v 



Pi <8> qj 



Yl Yl ^[Rangc r s{i>j) ]r s (i,j) = *+(J+l) 



where e = (-)*, {pi}i = ^min(2 (P+i)) , {qj}j = ^ g IO m(2(P el )) and {^(i,j)} s (i,j) is an orthogonal 
decomposition of the projection (^pi ® q^j into minimal ones. The equation on the right side can 

also be deduced using similar arguments. □ 

One can also consider weight functions for semisimple tensor categories instead of bicategories. 
It is natural to ask whether the restriction of a weight function for the bicategory generated by 
A+H.A- to the tensor category of A + -A + bimodules, contain all information about w. We answer 
this question affirmatively in the next proposition. 

Proposition 3.3. For e = db, any weight function w for the tensor category of A e -A £ bimodules 
generated by a + 7~La~, can be extended to a weight function for the bicategory associated to a+7~La-- 

Proof: Without loss of generality, let e = +. Set w + 2i := Yl w v p P where v p = [Range po] 

p£L& min 

for any minimal projection under p. We first deduce the following useful equations involving w+2'- 
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From the action of rotation tangle, one can show Range P R 2 ^ (p) = Range p as A + -A + bimodules 

for all p G ^(P+2); this along with the fact that w% = w" 1 for all v G +, implies part (i). 
Part (ii) easily follows from the tensor homomorphism property of w. 

For part (iii), it is enough to show that w+2Pe +2 = -Pb +2 - Note that 5+ 1 Pb +2 is a minimal 
projection of P + 2 whose range is L 2 (A + ). Hence, we have (iii). 

Part (iv) can derived from the equation [w+4, Pb +2 Pb +3 ] = (w+4 being central), (ii) and (iii). 

Consider the positive element z = Pre +2 ( z +2) G P+i and set A := Ple +1 {z) G C ~ P_o- Note 
that by equations (i) and (iv), we have z~ l = \~ 1 P R e +2 (w^_2)- By Lemma [3.2[ it is enough to 
show that z is a positive weight for P and z+21 = w+21 f° r all Z G N where z £ kS denote the usual 
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elements obtained from z. So, 

z +2 = A~ X P 



\- L P 




W+2 



where the second equality is obtained applying the first exchange relation in (iv) and the third 
comes from part (i) and the expression for z^ 1 . Hence, by equation (ii), z +2 i = w + 2i for I G N. 

It remains to be shown that z £ kS are central. The case ek = +21 is already done. Suppose 
ek = —21. Since the action of tangles preserves composition, we get 

Z_2Z x = A~ Ple +{21+1) ore +2{1+1) (u> +2 (Z+1)) x 

= A 1 Ple +(21+1) oRE +2{1+1) (w +2 (i+i) Pli_ {21+1) oM_ 21 (x) 

= ^ 1 PLE +(2l+1) oRE +2(l+1) {PLI_ {2l+1) oRI_ 2l {x) W +2 (l + i) 
= A~ Z PLE +{2l+1) oRE +2{l+1) {w + 2(l+l)) = X Z-21 

for all x £ P-2i- Hence, Z-21 is central and the remaining cases can be shown similarly. □ 

Remark 3.4. From the above proof, observe that the extension of the weight function w (in Propo- 
sition [3]3]) is unique only upto a multiple of its restriction to the irreducible A + -A- bimodules, by 
a positive scalar. 

Example 3.5. The first easy example of a (non-trivial) weight function appears in the case V+ t + = 
(a) = Z where every choice of A > gives a weight function a n 1— > X n . In the subfactor context, 
these weight functions correspond to the non-extremal subfactors constructed by Jones in [Jonlj . 
whose associated planar algebras were constructed explicitly using weights and perturbations in 
[DGG] . 

Example 3.6. Another example of a weight function comes from the representation category of 
the universal unitary compact quantum group A U (F) for F G GL(n,C) (introduced in [VW] and 
studied in detail in [Ban]). The set of isomorphic classes of irreducible representations of A U (F) 
is indexed by the free monoid N * N = (a) * (f3) with the involution a = f3. The tensor product 
structure is given by 



wi (8) w\ 



(a,6)eN*F 





there exists c G N * N such 
that wi = ac and W2 = cb 



where w\, W2 G N * N. Then, for each A > 0, we can define a weight function by N * N 3 w 1— > X m ~~ n 
where m (resp., n) is the number of a (resp., /3) in w. This example was pointed out by Stefaan 
Vaes. 



4. Trivial perturbation class 

We begin this section by recalling the definition of 'trivial perturbation class' (introduced in 
[DGG]) and then, prove that this property is preserved under composition of subfactors. This 
answers a question in [DGGj. 
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Definition 4.1. A bimodule planar algebra is said to have trivial perturbation class (TPC) if all 
its perturbations by positive weights, are spherical. 



By a subfactor or a bimodule having TPC, we will mean that its associated planar algebra has 
TPC. 

Lemma 4.2. If P is the bimodule planar algebra associated to a bifinite bimodule a + 7~La_ for 
Ill-factors A±, then the following are equivalent: 

(1) P has TPC. 

(2) All weight functions for the category of A + -A + bimodules generated by a+W-A-, are trivial. 

(3) All weight functions for the category of A^-A^ bimodules generated by a + 7~La~, are trivial. 

Proof: Note that by pDGG, Remark 6.3], TPC for P is equivalent to all positive weights on P being 
scalar. The rest easily follows from Lemma 13.21 Proposition 13.31 and Remark 13.41 □ 

We use the above lemma to prove the following theorem. 

Theorem 4.3. If finite index subf actors (of type II\) N C Q and Q C M have TPC, then 
N C M also has so. More generally, if bifinite bimodules aHb and bK-c has TPC, then so does 
aQc ■= aU®1Cc- 

B 

Proof: By Lemma 14.21 it is enough to prove that all weight functions for the category of A- A 
bimodules generated by aGc, are trivial. Note that the category of A- A bimodules generated by 

aQc is same as that by ® Q a- Again, by lemma 14.21 we will be through if we show that 

c 

any weight function for the category of B-B bimodules generated by #/C <S> Ga, is trivial. Now, 

_ c _ 

the B-B bimodules generated by #/C ® Q a are isomorphic to those generated by bH &> 'Kb and 
_ C ' A 

bK, ® K-b- Let to be a weight function for the category of B-B bimodules generated by #/C <g> K-b 
c _ c 

and bH ® Hb- Since aUb (resp., bK-c) has TPC, therefore w restricted to the category of B-B 
A 

bimodules generated by bH <£>Hb (resp., b/C®/Cb)- Thus, by the tensor homomorphism property 

A c 
of w, we indeed get that w is identically equal to 1. 

The statement involving subfactors can be derived by setting a'Hb = nL 2 {P)p and b^c = 
pL 2 (M)m in the above and using the fact (see proof of |DGGl Theorem 5.4]) that the normal- 
ized bimodule planar algebra associated to nL 2 (P)p (resp., pL 2 (M)m) is isomorphic to the same 
associated toiVcP (resp., P C M). □ 

Remark 4.4. In particular, Bisch-Haagerup planar algebras (see |BDGlj ) have TPC. Moreover, 
given an infinite group G generated by two finite subgroups H and K with nontrivial intersection 
and acting outer ly on a LZi-factor Q, the planar algebra associated to Q H C Q xi K (which has TPC 
by Theorem 14 . 3 1 since Q H C Q and Q C Q x K being finite depth / irreducible, have TPC), becomes 
an example of infinite depth, reducible bimodule planar algebra which can never be perturbed to 
a non-spherical one. 

Remark 4.5. Given an irreducible, infinite depth, finite index (> 1) subfactor N C M, the subfactor 
iV C Mfc is a reducible and infinite depth; nevertheless, by Theorem l4.3l its associated planar algebra 
has TPC, that is, there is no nontrivial weight for all k G N. 

5. Perturbation of a bimodule 

If P denotes the bimodule planar algebra coming from a bifinite bimodule a'Hb and z is a positive 
weight on P, then by |DGG1 Theorem 5.13], the perturbation Q of P by z, can be associated with 



a bifinite bimodule cK-D whose bimodule planar algebra is Q. However, there is no direct relation 
of cK-D with aH.b and the weight z. In this section, we obtain a method of perturbing a bifinite 
bimodule by a weight to a new one whose associated bimodule planar algebra is the perturbation of 
the one coming from the bimodule which we start with. The construction was proposed by Stefaan 
Vaes; this also answers a question in [DGG]. 

We first set up some notations. Let R denote the hyperfinite Ui-factor and {# A } A>0 be a 
trace-scaling action of £(l 2 N)®R, that is, 9 X G Aut (£(/ 2 N)®i?) such that 9 X o 9» = 9 X ^ and 
(Tr (8 t) o 9 x = A(Tr <8 r) where r (resp., Tr) is the canonical (resp., semifinite) trace on R (resp., 
£(Z 2 N)). For each A > 0, set p x := 9 x (E hl <g> 1) G & (£(/ 2 N)®i?) , /C A := p A (/ 2 N ® L 2 (i?)) . 
Consider the bimodule structure on /C A given by 



c • p A (£„ ®x)-d:= 9 x (E ltl <8 c) (f„ (8 xdj 



for x,c,d G ii, where {^ n } n eN denotes the distinguished orthonormal basis of Z 2 N and is 
a system of matrix units of £(/ 2 N) with respect to the basis. We will now prove a few important 
properties of these bimodules which will be used in the proof of the main theorem of this section. 

First note that Too(p A ) = A (where Too = Tr®r) implies dim (/C^) = A, and since index ( R JC R ) = 
1, we have dim ( R K X ) = A -1 . Let ry A := p A (£ n ® l) G (/C A )° and # A 5 „ : £(Z 2 N)®.R -> for 
m,n G N such that 6> A (-) = J2 E m,n ® Clearly, p A := <9 A (En 8) 1) = {r] n \,r] X ) R . Thus, 



in .it 



\Vn = Y^m ® Pm,n f becomes a basis for /C^. Also, (r? A , x • f? A )j? = 9 X j(Ei t \ (8 x) for all x £ R, 
I m 'J neN 

i,j G N. 

Standard fact for bimodules: If % and /C are ^-.B-bimodules with and {Ci}i as -B-bases such 
that (£i,a£j)£ = (Ci) Q Ci)s f° r au *>J and a G A, then & i— >• £j extends to an A-B linear unitary. 

Lemma 5.1. There exists R-R-linear unitaries U K \ : KL K (8 K- x — y K, kX and U* , : K kX — > K K <8 /C A 
given 6y 

% K ® ^ ^ Yj$ x ■ e U E ^ ® x ) and ^ ^ ® ^ • ^c^.* ® x )- 
R i k,i R 

Proof: Since (8 77^ : k, I G N j is a basis for /C K (8 /C^ and dim ^/C K (8 1C^\ = k\ = dim (K. R X ) , 
therefore for existence of U K> \, it is enough to prove 

(Vk ® • ?7m § ^?n)i? = (U K ,x(Vk ® ^)>Z • C«,A(»7m ® »7n)>B- 

-fv -ft xt rt 



The right hand side of this equation can be expressed as X^hC^i,*; ® 1)(?7^ , x • rf- ) R 9 x n (E m ^ (8 1) 
=Y^9^(E hk (8 x)9 x n (E mA <8 1) = XXi(#i,fc <8 8) x)) 0* n (£ m ,i 1) 

=^n (^1,1 ® ^,m(^l,l ® a;)) = fa*, (Vk,* ■ Vm)R ■ Vn)R = (Vk ® • Vm ® ??n>i?- 

For C7* A , note that (r)f x , x ■ r]^ x ) R = 6f x (E lt i (8 x) and 



(U: >x (vf),x- K x (r,f)) R = V ^,(E fc)1 8) l)(rfi 8) r? A ,x • ^ (8 r/ A ) R e x d {E x , m 1) 
= ^ ^(E fc)1 (8 l)^ A n (Ei,i ® ^, m (^i,i ® ^)) f«j(^i,m ® 1) = (^(^1,1 ® x)) = 9? x (E hl 8) x). 



kl,m,n 



Using similar arguments, one can establish the existence of the unitary U* A . In order to prove that 
U* x (as defined above) is indeed the adjoint of U K ^\ : we consider 

U K ,x (UIM X )) = E • B U E kA ® !)] • ® !) = E# • = ^ 

j,k,l j 

□ 

Lemma 5.2. U K \'s are 'associative' with respect to fusion of bimodules, that is, U K \n o (U K \ 8> 

R 

id/a*) = U^ Xll o {id K K (g> Ux,u). 

R 

Proof. Note that 

® ^ ® C ^ E^ A ® ^(^,1 ® 1) • C = E^ ® < • ^1,1 ^ ® 1) 

R R R R \ ' 



h3,n 



E^ V • ^n(^,l ® l)^,m (#1,1 ^ 0*,(#k,l 1) 
n 

E^ v -^ m k^i(E M ®i)). 



On the other hand, 

(id K «®t/ A , M ) 

^®^ A ®< ^> e^®^-^(^-i®i) 

R R ^ R 

s 

Y^nf* ■ 9%(E kil 8> m im (E lA 8> 1) 
Now, we also have the relation £6>^(£ M (8) l)0£ m (£/,i 8> 1) = £0? (6> A (#fc,i ® 1)) <m(^,i ® 1) = 

s s 

% m (# a (#m ® ® i)) = ® ® i)) • □ 

i 

Remark 5.3. By composing the U\„'s appropriately and by Lemma [5.11 and [ 5.21 one can construct 
a unique R-R linear unitary U\ l ,...,\ n ■ /C Al 8> • • • 8> /C A " — ► /C Al ' " An . 

In the next lemma, we will use the following formula: 

t (Oij(E k;l x)y^j = ((E jti 8) y)6 x {E Kl ® x)) = Ar^ (0 A_1 (%< y)(-E fc ,j ® x)) = At (e^ 1 (E j4 ® 
for all x,y £ R, i, j, k, I € N. 

Lemma 5.4. There exists R-R-linear unitaries V\ : ZC A — > /C A 1 and y A * : /C A 1 — > /C A given by 
V? & aIE% A_1 • Gk~i\El,i ® 1) and nf 1 ^4 A"^^ • ® 1). 

k i 

Proof. We use the above standard fact on unitary between two bimodules. Note that \ r] x > is 
a basis for #/C A . For x,y £ R, we have 

[Vx (vf),y v x (^) • x) = AE^ (^(^.i ® l)faf \ y ■ ^" 1 )«^r 1 (^j ® 



At faiiEij 8> i/)x) = t (^(^1,1 8) s)j/) 



10 



which implies {V\ (jlij iV\ V$) ' X ) = ® x ) = yliiVj ' Sy- Existence of y A * can be 

obtained using similar arguments and the basis {r/ A x } for /C^ 1 . The fact that V£ is indeed 
the adjoint of V\, comes from 

Vx fe (^f 1 )) = ® X ) • ^ • ^l^M ® !) = E&» ® fei (X* ® *i,t(£*,i ® 1) 



and E^i ® ^,<(^fc,i ® 1) = <i ((^1,1 ® 1) ® 1)) = D^. 1 ^ 1 (^M ® X )) = 

p x ~l- □ 



Remark 5.5. From Lemma 15.41 it is clear that V^(£) = for all £ E /C A . 

Next, we consider the R-R linear maps 

£ A ®X?9£®r?^ J2 R (V, f } • <*i ® 5* € <8 

Ft Ft i Ft R 

R R j R R 

where £,77 are bounded vectors in /C A and {cti}i and are bases for fC R and R fC^ respectively. 

Lemma 5.6. (%) F X)PL = (A/i)3 f idfo. ® T^M ^* ijU -i C/'a.A- 1 ( id K* ® Vx) , 
G AjM = (A/i) _ 5 ^V M * ® idb*l o C7*_ 1)ju o C/ A -i >A o ^V A I id^A 

Proof, (i) It is equivalent to show that the map 

u* , , id K A®v A * „ id K M<x>v M ^ 

X; 1 ^> /C A ®/C A -4 /C A ® /C A ^ /C" /O ^4 /C^®/C" ^ K> 

R R R R 

is equal to (A/^aid^i. Now, 

u* _ id KA ®v A * 

We will show that the part E r (t] X • O^^Ei i ® l),Vk)@tl ® ■"■) ( m * ne expression obtained by 

applying „ on the above) is equal to Al. To see this, note that for all x £ R, we get 
X)(^-^i(^l,i®l),^^> = £r (^(^,,1 ® l)(r/ A ,x • ry A ) K ) = r (^(^,1 ® x)) = At (^(i^i ® l)x) 

i i 

So, Efl(^ • ^1(^1,/ ® l),Vk)6S\ E l,k ® 1) = AE^i'^fe ® 1) = Al. On the other hand, 

id^®^ -1-1 1 

Etfftf m*E<®^ -*m (^®i)=m 5 ^- 1 (% 1 )- 

-ft . , Jx 

I l,K 

(ii) We follow the same strategy as in (i). So, we consider 

[/*_! _ ^A^id^A 

^ ^ E^" ® ^ • ® J ) ^ 1) • r/ A I r? A • 0^(2^ ® 1). 

/.A./ 

11 



Now, £ i,i( E k,i ® 1) • (Vi,Vi)R ■ %i( E hk ® 1) = £01,1 C 6 *.* ® 1) = 1. For other part, note that we 

need to work with a basis for R IC^, namely ^77^ \ | (by Lemma |5.4[) . Now, by Remark 

15.51 and Lemma 15.41 we get 



y M ®id 



□ 



We are now ready to define a 'perturbation of a bifinite bimodule'. Let a+T~(-A- be a bifinite 
bimodule for iTi-factors A±, P be its associated bimodule planar algebra and z be a positive weight 
on P. The induced weight function for the bicategory of bimodules generated by a + Ha- will be 
denoted by w, and for any p E ^ min (Z (P v k)) and p > p G ^min(^), we set w p := W[R ange po j. If 
= i?®A±., then consider the A' + -A'_ bimodule 

W := A ^[K^ S ® Range s]^ where 5 = ^ min (Z(P +1 )). 

Theorem 5.7. The bimodule planar algebra P' associated to a' + H'a' > * s isomorphic to the pertur- 
bation Q of P by the weight z. 

Proof: Let S k := S x S x . . . (k copies) and s£S k will always denote the k tuple (si, • • • , s&) for Sj's 
in 5. Consider the bimodules A (H + -) A 



V_)fc 

A4 



Range Si ® Range S2 <S> • • • (A; components) 



and A _ (ft S) A 



(-)* 



Range si (8) Range S2 ® • • • (fe components) 



(-)" 

. Clearly, ft efc is 

\-)k-i 



isomorphic (as a bimodule) to ft e -. So, we may very well assume P E & = Q £ ^ = A e ^A k 

where the action of the tangles are transferred via the bimodule isomorphism. Similarly, we may 
also assume 



/ \ I KV^ ® JC Ws * <8) • • • (k components) if e = +, 

P'= A ,£ A , ffi \K es -®U es \ where := { 1F ^— f _ R t , ., 

e/c e (-)*e I / I ^ ® ^ ® "' components) if e = -. 

Set w £S := n^Si ; from Lemma 15. II and Remark 15.31 we can obtain an R-R linear unitary 

i=i 

from fC e - to K We - given by 



W £S 



We will now try to define an isomorphism between P' and Q. First note that a £ £-a^ k (ft £ ~ 5 ft £ -) 7^ 

if and only if each of ft £ - and ft e - has at least one irreducible sub-bimodule isomorphic to each 
other for s,t G S k ; moreover, under this condition, by the tensor homomorphism property of 
the weight function w, we have w £S = w £ t- Thus, by irreducibility of the R-R bimodules ZC A for 
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A > 0, a .La, ,v (n%n £t -) / implies and is implied by A , L A , (K £ ^®U £S - , K, et -®U e ±) = 
/j£« (/C £ ^ , /C 6 *) ® A e ^A ( _ )fce (^ £ - , W 6 *) / 0; further the map 

A e £>A { _ )ke {U £t -,U £ ^) BX^H (W*s o W £t _ ® x) G A^A' ( _ )fte ® ft* , /C £ ^ ® W 6 *) 

is an isomorphism. This gives rise to a *-algebra isomorphism ip ek := ((<p £ s k t)) '■ Q £ k = Pek P £ k- 
It remains to show that (p preserves the action of the tangles M £ k, LI £ k, RI £ k, Eel for e G {—,+}, 
k G No (because the action of any other tangle could be obtained from the action of these for a 
bimodule planar algebra). We are already done with the multiplication tangles. Equivariance under 
left and right inclusion tangles easily follows from the relations W*^ s s ^ o W £ ( tyS } = [W* s o W £ t) ® 

idjc^/fc 5 * and W *e(s,s) ^-e(«,t) = id /c^/K>"s ® (Wrf ° ^es) whenever = for s,t G S k , 
seS. 

Actions ofE±\: Note that Q = p(* 1/2 >* 1/2 ) implies C := Q E+1 = (z 1/2 <g> k%) o P£ +1 o (z 1 / 2 ® k%). 
So, by Theorem 12. 5( i)(d) and the condition z| Ran „ e s = w s idRange s for all s G 5, we get 



Range ii ® Range t 2 3 £ ® C n 'h^> 11 2 S sl=S2y /w^w^ } A (C, -7i ® Ti £ Range si ® Range s 2 

A_ A ' + A A 



where £ and ( are bounded vectors of A (Range t\) A _ and A+ (Range t2) A _ respectively, and {7i}« is 
a basis for (Range si) A _ , for s u s 2 , h, t 2 G 5. Thus, {Qe +1 ) {suS2 ^ {tut2) = y/w Sl w tl {Pe +1 ) ( Sl ,s 2 ),(t 1 ,t 2 ) 

implying [if [Q E+1 )] ( Sl)S2 ),( tl ,t 2 ) = v 7 ™^ (w+(. 1>i2 )W+(ti,fe) ® ( P s+i)( Sl , S2 ),(t 1 ,t 2 )) ■ 0n the other 
hand, [P^ ) = F+-, Sl ® (Pe,,), w . , v Without loss of generality we may as- 

sume si = s 2 and ii = t 2 because in all other cases, (Pe +1 ) ( Sl)S2)i(tlit2 ), (Q-E+i)^,^),^)' 



Pg ) vanish. Under this assumption and applying Lemma l5.6( i). we get F tljSl = 

y/Wg^ti W+( Sl Sl )W+(ti,ti)- Thus, 93 (Q_e +1 ) = Pb +1 - The same for P_i follows exactly from simi- 
lar analysis applied on Qe^ = ® z -1 / 2 ^ o Pg_ 1 o ^id^ z -1 / 2 ^ and Lemma f5T6lf ii) . 
This completes the proof. □ 

Remark 5.8. An important thing to note is that if the bimodule % is over hyperfinite factors, then 
the perturbed bimodule %' is also so. This was not the case in the bimodule reconstruction in 
[DGG, Theorem 5.13] which used the subfactor reconstruction techniques in [JSWJ. 
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